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Preface 

The classical formulation of homology theory is based on the notion of ring and 
module or more generally on abelian categories. The homology that one considers, 
however, often comes from a group, or a Lie algebra, or a topological space, etc. 
which are non-abelian objects. Therefore a general treatment of homology should 
derive the abelian concept of homology from non-abelian data. 

The notion of homology emerges in this book from a theory of cogroups or more 
generally from a theory of coactions. Such theories arise frequently in algebra and 
topology. For example, most algebraic objects like groups, algebras, Lie algebras, 
etc. are models of theories of cogroups. Moreover, each homotopy theory contains 
theories of coactions. A "theory of coact ions" is a very general concept related 
to notions in the literature like near ring or Malcev variety. Nevertheless it has 
exactly those properties which are needed to obtain a homology theory suitable 
for obstruction theory. 

Classical obstruction theory relies on the properties of CW-complexes. Here we 
will show that fundamental results on CW-complexes have generalizations in the 
realm of categorical algebra. For this we associate to a theory T of coactions the 
notion of a T-complex in a cofibration category which is the categorical general­
ization of a CW -complex. 

We present a homology and cohomology theory for T-complexes which em­
bodies numerous homology theories in various fields of algebra and topology. For 
example, by suitable specialization one obtains the homology of groups, the homol­
ogy in a variety of groups, the Hochschild homology of an algebra, the homology 
of a Lie algebra, the homology of a topological space, the Bredon homology of a 
G-space where G is a group, the homology theory for diagrams of spaces, the ho­
mology theory for controlled spaces, or the homology theory for compactifications, 
and many more examples. All these examples are homology theories associated to 
theories T of coactions and T-complexes. 

The book consists of two parts. The first part (Chapters A, B, C, D) furnishes 
a long list of explicit examples and applications in various fields of topology and 
algebra. The second part (Chapters I, ... , VIII) develops the axiomatic theory of 
combinatorial homology and homotopy. 

The unification in this book possesses all the usual advantages. One proof 
replaces many different proofs in all such fields. In addition, an interplay takes 
place among the various specializations, which thereby enrich one another. The 
unified theory also applies to various new situations. Moreover, all definitions, 
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proofs and results in the second part use a categorical language, so that by a 
duality which reverses the direction of arrows one obtains the corresponding dual 
definitions, proofs and results, respectively. 

May 1998 

H.-J. Baues 
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Leitfaden 

The main concepts studied in the axiomatic theory of Part 2 are given by the 
following list. We start with a 

theory of cogmups T, or a 

theory of coactions T. 

(1.l. 9) 

(1.1.11) 

All the results in Chapter I, II and in VII, § 3 deal with properties of T. This is 
pure categorical algebra. We derive from T the 

enveloping functor U: Coef ---+ Ringoids (1.5.11) 

which is needed in all chapters. In order to introduce homotopy theory we recall 
from Baues [AH] some properties of a 

cofibmtion category C, or an 

I -category C. 

A T -complex can be defined in a 

cofibmtion category under T 

and homology of a T-complex can be obtained in a 

homological cofibmtion category under T. 

(III.Ll ) 

(IIl.7.1) 

(IV.2.1) 

(V. 1.1) 

Chapter IV deals with cofibration categories under T; in particular, we discuss the 
Whitehead theorem, cellular approximation, and the Blakers-Massey property in 
such categories. If the Blakers-Massey property holds then one obtains a homo­
logical cofibration category under T and all the results of Chapters V, VI, VII are 
available. 

In particular, we prove the following results in a homological cofibration cate­
gory: 

- definition of homology and cohomology in terms of a chain functor 
- obstruction theory for the extension of maps 
- Whitehead's exact sequence for the Hurewicz homomorphism 
- homotopy lifting property of the chain functor 
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- model lifting property of the twisted chain functor 
- homological Whitehead theorem 
- obstruction theory for the realizability of chain complexes and chain maps 
- H urewicz theorem 
- Eilenberg-Mac Lane complex and Quillen (co-) homology 
- finiteness obstruction theorem of Wall 

Finally in Chapter VIII we deal with Whitehead torsion. For this we choose a 

class of discrete objects D (VII. I. 1) 

in an I-category C and we describe the properties of (C, D) which define a 

cellular I-category (C, D). (VIII.5.1) 

The geometric Whitehead group can be defined in such an I-category. Moreover 
in a 

homological cellular I -category (C, D) (VIII.12.3) 

the geometric Whitehead group coincides with the algebraic Whitehead group. 
Here the algebraic Whitehead group is defined in terms of the enveloping functor U 
studied in Chapter 1. The finiteness obstruction theorem also uses the enveloping 
functor U, for the definition of a reduced projective class group. 

We point out that all the results above are proved in a new way since we do 
not use the universal covering of a CW-complex which was of crucial importance 
in the proofs of J.H.C. Whitehead. 



Fields of Application 

The results of the axiomatic theory in Part 2 can be applied in many different 
areas of algebra and topology. We here describe various fields of application, some 
of which already have been worked out in the literature. The theory was designed 
to cover all these specializations. It is worth while to formulate in each such field 
all the results which are implied by the axiomatic theory. We give various hints in 
this respect in the text. A complete discussion of such applications in the context 
of the abstract results in Part 2 was avoided in order not to obscure the axiomatic 
theory. 

For the convenience of the reader we describe explicit examples and applications 
in the introductory chapters A, B, C and D of Part 1. These chapters can be read 
without knowing the results and notation of the general theory. 

The first two chapters I and II of Part 2 can be applied for all theories of 
coact ions and theories of cogroups. For example, 

(1) varieties of groups, or 
(2) algebras, commutative algebras, Lie algebras, and many other kinds of algebras 

defined by operads 

give rise to theories of cogroups. Also 

(3) groupoids 

give rise to theories of coactions, see (1.2.11). Moreover, in each homotopy theory C 
the homotopy category of suspensions termed susp( *) is a theory of cogroups and 
the homotopy category of *-cones termed cone( *) is a theory of coactions; see 
(1.2.4) and (III, § 6). 

The chapters III, ... , VIII of Part 2 deal with complexes in cofibration cate­
gories. There are many different homotopy theories which have the properties of 
a cofibration category, in particular each Quillen model category. We are mainly 
interested in the homotopy theories of 

(4) topological spaces, 
(5) simplicial objects in some category like (1) and (2), 
(6) differential algebras of some kind like (2). 

We also consider for a small category A the category of 

(7) A-diagrams in a category C like (4), (5), (6) 
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which are functors A --+ C. Morphisms are natural transformations of such func­
tors. If A is given by a discrete group G then (7) is the category of G-equivariant 
maps between G-objects in C. Moreover, if G is a topological group we have the 
category of 

(8) G-spaces 

which leads to the homotopy theory of transformation groups. We can put re­
strictions on the maps in the categories above and again obtain new homotopy 
theories. For example, we may consider 

(9) topological spaces and compact maps, 
(10) topological spaces with some control (for example, bounded control or con-

tinuous control, etc.), 
(11) shape theory. 

Again we can consider A-diagrams in (9) or (10) and the theory of transformation 
groups for (9) and (10), respectively. 

One important feature is also the possibility of relativization. In fact, given a 
homotopy theory C and an object D in C then also the category 

(12) CD of objects under D in C 

is again a homotopy theory. We can apply this to all theories C in (4), ... , (11) 
above. 

In the literature there are many further examples of homotopy theories. Most 
of them are candidates for the application of the abstract theory in this book. In 
particular, the recent 

(13) "motivic homotopy theory" 

of Morel-Voevodsky [HO] will lead to applications in algebraic geometry. Moreover, 
the homotopy theory of 

(14) resolutions of spaces 

due to Dwyer-Kan-Stover [E2], [HGl, Blanc [AI] and Goerss-Hopkins [RM] is a 
wonderful field of application for the methods and results of this book; see Chap­
ter D. 

This list, which is by no means complete, shows the wide range of different fields 
to which the theory of this book can be applied. It also shows the necessity of an 
axiomatic approach which separates a result from the specific environment where 
the result was proved for the first time. We consider classical and fundamental 
results of homotopy theory and we characterize axiomatically the assumptions 
under which such results hold. This leads to the concepts in the Leitfaden above. 
The non-axiomatic approach would try to prove the results in each case again and 
again. 

For example, the theorem on Whitehead torsion was proved in the following 
categories: 

a) for topological spaces by J.H.C. Whitehead iSH], Stocker [W] and Cohen [0], 
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b) for G-spaces by Luck [TG], 
c) for topological spaces and compact maps by Siebenmann [S] and Farell­

Wagoner [S], 
d) for bounded controlled 8paces by Munkholm-Anderson [B]. 

All these cases a), b), c), d) are specializations of the general result in (VIII, 
§ 12) below which holds in any homological cellular I-category. Here the axiomatic 
approach has a further advantage since it clarifies the definition of the algebraic 
Whitehead group. We give a definition which is valid simultaneously for all cases 
a), b), c) and d). The reader may compare the complicated definitions of algebraic 
Whitehead groups of Luck [TG], Siebenmann [S] and Munkholm-Anderson [B]. 

Similar remarks hold for the finiteness obstruction theorem in (VIII, § 2) or 
for the homological Whitehead theorem in (VI, § 7) which was recently proved for 
diagrams of spaces by Moerdijk-Svenson [D]. 

Concerning the homotopy theory of simplicial objects we point out that Andre 
[HS] and Swan [HA] use a kind of T-complex to define Andre-Quillen homology, 
which is a 8pecial case of (C, T)-homology in (VI, § 11). 

The reader will find many further examples which connect the general theory 
in this book with the literature. 

We point out that there are numerous results in this book which are new 
even if one specializes them, for example, to G-spaces in (8) or to other fields of 
application (4) ... (14). Already the specialization to spaces under D in (12) in 
the category of topological spaces leads to new and intere8ting fact8 in ordinary 
topology; compare § 1 in Chapter A. 



Part I 

Examples and Applications 



The axiomatic theory of Part 2 is based on a theory of coactions which is 
embedded in a homotopy category Cle:::.. Here C is an abstract category in which 
"homotopies" are defined satisfying suitable axioms. For example, C is a category 
of cofibrant objects in a Quillen model category. In the theory of Chapters I, ... , 
VIII in Part 2 we describe the notions and results concerning the combinatorial 
foundation of homology and homotopy. 

In the following chapters A, B, C, D we consider the specialization of the 
axiomatic theory for various examples in topology and algebra. We discuss only 
the basic notation and results for these examples. This can be understood easily 
without knowing the axiomatic theory. 

The reader will benefit from the presentation of the examples. It is useful to 
compare such examples in order to visualize the abstract theory and to clarify the 
motivation for the various abstract notions. 



Chapter A: Examples and Applications 
in Topological Categories 

In this chapter we describe the leading examples of combinatorial homology and 
homotopy theory which are well known fields of algebraic topology. We consider 
the homotopy theory of spaces, diagrams of spaces, spaces with a topological group 
of transformations, and spaces controlled at infinity. These examples are discussed 
in a highly parallel fashion so that the underlying abstract theory is a shining 
achievement. 

1 Homotopy Theory of Spaces Under a Space 

Ordinary homotopy theory is concerned with the category Top of topological 
spaces and (continuous) maps. Let 

1= [0,1] c lR. (1.1) 

be the unit interval of real numbers. Then a homotopy H : f ~ 9 of maps f, 9 : 
X -t Y is a map H : I x X -t Y satisfying Ho = f and HI = 9 with Ht{x) = 
H (t, x) for tEl, x EX. Here I x X is the topological product of the spaces I and 
X. The relation of homotopy is an equivalence relation so that the set of homotopy 
classes 

[X, y]0 = Top(X, Y)/~ (1.2) 

is defined. [X, Yj0 is the set of morphisms X -t Y in the homotopy category 
Top/~. Homotopies H as above are also called free homotopies or homotopies 
relative the empty space 0. They have the disadvantage that they are not com­
patible with base points and therefore free homotopies are not suitable for the 
definition of the fundamental group and homotopy groups of a space. In order 
to obtain such groups one has to consider homotopies relative a point or more 
generally homotopies relative a non empty space D. 

We choose a topological space D which may be any space in the category Top. 
As important special case D = * is a point or D is a discrete space. The results 
achieved below for D = * are well known and classical though for an arbitrary 
space D some of the results seem to be new. 

Consider the homotopy theory in the category 


